Abstract. In this paper we study subsets E of Z d p such that any function f : E → C can be written as a linear combination of characters orthogonal with respect to E. We shall refer to such sets as spectral. In this context, we prove the Fuglede Conjecture in Z 2 p which says that E ⊂ Z 2 p is spectral if and only if E tiles Z 2 p by translation. Arithmetic properties of the finite field Fourier transform, elementary Galois theory and combinatorial geometric properties of direction sets play the key role in the proof.
Introduction
Let E ⊂ Z for all x ∈ E, where χ(u) = e 2πi p u . We shall refer to A as a spectrum of E. Note we may apply this expansion to functions f : Z d p → C by first restricting them to E but the resulting equality only holds for x ∈ E.
• (Orthogonality) The relation
holds for every a, a ′ ∈ A, a = a ′ .
If these conditions hold, we refer to E ⊂ Z [1] ) in the case when either the tiling set or the spectrum is a lattice. A variety of results were proved establishing connections between tiling and orthogonal exponential bases. See, for example, [11] , [5] , [10] , [6] and [7] . In 2001, Izabella Laba proved the Fuglede conjecture for unions of two intervals in the plane ( [9] [8] , where Kolountzakis and Matolcsi also disprove the reverse implication of the Fuglede Conjecture. The general feeling in the field was that sooner or later the counter-examples of both implication will cover all dimensions. However, we see in this paper that the Fuglede Conjecture holds in two-dimensional vector spaces over prime fields.
Our main result is the following. • i) (Density) The space L 2 (E) has an orthogonal basis of exponentials indexed by A if and only if |E| = |A| andÊ(a − a ′ ) = 0 for all distinct a, a ′ ∈ A.
•
• iii) (Divisibility) If E ⊂ Z d p is spectral, then |E| is 1 or a multiple of p.
p is a spectral set if and only if E tiles Z 2 p by translation.
Remark 1.4. It is not difficult to see that the Fuglede conjecture also holds in Z p , the onedimensional setting. This is because a tiling set E has to have order dividing p and hence must be either a point or the whole space which are both trivially spectral sets also. Conversely, a spectral set E, by part (iii) of Theorem 1.3 has to have order 1 or a multiple of p and hence must be a point or the whole space which makes it trivially a tiling set also. Remark 1.5. It is interesting to note that Theorem 1.3 also holds for p = 2. Parts (i)-(iii) are immediate following the same proofs given in this paper for the odd prime case. Part (iv) follows trivially since parts (i)-(iii) imply that the only tiling or spectral sets in Z 2 2 have orders 1, 2 or 4. In the only non-trivial case, when |E| = 2, E has to be a line which is easily seen to be both a tiling and a spectral set.
Acknowledgements. The authors wish to thank Mihalis Kolountzakis and Michael
Lacey for several helpful remarks.
Basic properties of spectra
has an orthogonal basis of exponentials and
Then the coefficients are given by
To prove this, observe that if
and the proof is complete.
has an orthogonal basis of exponentials with the spectrum A. Let δ 0 (x) = 1 if x = 0 and 0 otherwise. Furthermore assume 0 ∈ E. Then
To prove the lemma, observe that if f (x) = δ 0 (x), then
The conclusion follows from Lemma 2.1.
has an orthogonal basis of exponentials and f is any function on
has an orthogonal basis of exponentials with the spectrum A. Then |E| = |A|.
To see this, observe that since {χ(x · a) : a ∈ A} is an orthogonal set of nonzero elements for L 2 (E) we know it is a linearly independent set in L 2 (E). By completeness we know it also spans L 2 (E) and hence is a basis for
Proof of Theorem 1.3
To prove Part i) of Theorem 1.3 we note that the orthogonality property is equivalent to ′ , we define the set of directions as the quotient
where E − E = {x − y : x, y ∈ E}, with the same equivalence relation ∼ as in (3.1) above.
Furthermore a set E does not determine all directions if and only if there is a hyperplane H and S ⊆ H such that E is the graph of a function f : S → Z p over H, which means that relative to some decomposition 
It follows that E(x) = E(0, . . . , 0) = |E|p −d . Since E(x) is an indicator function of a set, we conclude that |E| = p d and the claim is proved.
We define a trivial spectral pair in Z To prove Proposition 3.5, let (E, A) be a non-trivial spectral pair. Then part i) of Theorem 1.3 shows that |E| = |A| andÊ(a − a ′ ) = 0 for distinct a, a ′ ∈ A. Since the spectral pair (E, A) is nontrivial, 2 ≤ |E| = |A| ≤ p d−1 also. Thus taking two distinct elements a, a ′ ∈ A shows that E(α) = 0 for α = a − a ′ = 0. Thus E is equidistributed on the p parallel hyperplanes
Thus if E has m ≥ 1 elements per hyperplane we have |E| = |A| = mp.
. This proves part iii) of Theorem 1.3.
Observe that if d = 2 and E is a (non-trivial) spectral set, then |E| = |A| = mp implies |E| ≥ p while |E| ≤ p by part ii) of Theorem 1.3 and so |E| = |A| = p. Futhermore, by Theorem 3.2 above, A is a graph of a function Z p → Z p since |A| = p and it does not determine all directions. Finally, since E is equidistributed on a family of p parallel lines and |E| = p, we see that E is also a graph of a function Z p → Z p with respect to some system of axes. The following is an immediate corollary of Proposition 3.5.
Corollary 3.6. If E is a spectral set in Z 2 p , p an odd prime, then E is either a point, a graph set of order p or the whole space and hence tiles Z 2 p in all cases. This corollary follows from Proposition 3.5 immediately once one notes that any graph set
for a function f , with respect to some coordinate systems, tiles Z 2 p using the tiling partner A = {(0, t) : t ∈ Z p }.
To complete the proof of the Fuglede conjecture in two dimensions over prime fields, which is the content of part iv) of Theorem 1.3, it remains to show that any tiling set is spectral since we have just shown that any spectral set tiles.
Proposition 3.7. (Sets which tile by translation are spectral) Let p be an odd prime, and let E ⊆ Z 2 p . Suppose that E tiles Z 2 p by translation. Then E is a spectral set. We shall need the following result from [2] . We shall prove it at the end of the paper for the sake of completeness.
Theorem 3.8. ([2] ) Let E be a set that tiles Z 2 p . Then |E| = 1, p or p 2 and E is a graph if |E| = p.
The cases |E| = 1, p 2 are trivially spectral sets so we may reduce to the case that E is a graph, i.e (4) . In the case when p ≡ 1 mod (4), it is possible that e 1 generates one of two isotropic lines
where i is one of the two distinct solution of the equation x 2 + 1 = 0. The reason this case needs to be treated separately is that (t 1 , it 1 ) · (t 2 , it 2 ) = 0 for all t 1 , t 2 ∈ Z p . To deal with this, we note that the other solution of the equation x 2 + 1 = 0 is given by −i and we take e 2 on the other isotropic line in the plane, given by
Then e 1 · e 1 = 0 = e 2 · e 2 and we may assume e 1 · e 2 = 1 by scaling e 2 appropriately.
There are two situations to consider.
• Case 1: e 1 and e 2 are orthogonal. Then we will take A = {xe 1 : x ∈ Z p }. To show that (E, A) is a spectral pair, we need only show {χ(ae
E). By Theorem 3.3 this happens if and only ifÊ((a − a
′ )e 1 ) = 0 for all distinct a, a ′ ∈ Z p which happens if and only if E equidistributes on the p parallel lines normal to e 1 , i.e., on the p parallel line of constant e 1 -coordinate in the (e 1 , e 2 )-grid. This is clearly the case as E is a graph over the e 1 coordinate and hence has exactly 1 element on each of these parallel lines, so this case is proven.
• Case 2: e 1 and e 2 generate the two isotropic lines in Z 2 p , p = 1 mod 4. In this case e 1 · e 2 = 0 but e 1 · e 1 = e 2 · e 2 = 0. Since E is equidistributed along the p parallel lines of constant e 1 -coordinate, it is easy to see that these are the same family of lines as H t = {x : x · e 2 = t}, t ∈ Z p . Thus in this case using A = {ae 2 : a ∈ Z p } we find that E((a − a ′ )e 2 ) = 0 for distinct a, a ′ ∈ Z p and so (E, A) is a spectral pair. Thus E is still spectral in this case and the theorem is proven in all cases.
Proof of Theorem 3.3
We have
This means that ξ is a root of the rational polynomial
The minimal polynomial over Q of ξ is
so by elementary Galois theory, P (u) is a constant multiple of Q(u) since P is a rational polynomial with ξ as root, Q is the minimal polynomial of ξ and P and Q are both of degree p − 1. It follows that the coefficients of n(t) are independent of t. This proves the second assertion of Theorem 3.3, namely that E is equidistributed on the hyperplanes H t = {x ∈ Z d p : x · m = t}. Let us now prove that if E(m) = 0 for some m = (0, . . . , 0), then E(rm) = 0 for all r = 0. We have
It follows from above that for a fixed r, n(r −1 t) is independent of t. Therefore Remark 4.1. We again note that the last theorem can be extended to a theorem about rational valued functions but not in general to one about real valued or complex valued functions. For example the polynomial P was a multiple of the minimal polynomial Q only because it was a rational polynomial. Indeed ξ is the root of x − ξ over C and (x − ξ)(x −ξ) = x 2 − 2cos(2π/p) + 1 over R which are not multiples of Q when p > 3. Indeed, Galois theory can be used to say more about the relationship between the Fourier coefficients of a rational function along a line, aside from the origin, they are Galois conjugates over some cyclotomic field) and these relationships do not hold for complex valued functions nor over finite fields other than prime fields. See [2] for more details. The structure of tiling sets and spectral sets established over prime fields in this paper fundamentally owes to this fact and the lack of this structure over other fields like R is part of the reason why the corresponding questions remain unresolved. which exhibits the plane as the hyperbolic plane. This case can only occur when p = 1 mod 4. Note when we express a general vector x = x 1 e 1 + x 2 e 2 with respect to this basis we have x · m = x 2 thus the lines {H t : t ∈ Z p } are the same as the lines of constant x 2 coordinate with respect to this basis and E has a unique point on each of these lines. Thus E = {f (x 2 )e 1 + x 2 e 2 : x 2 ∈ Z p } = Graph(f ) is a graph with respect to this isotropic coordinate system.
Finally we note any function f : Z p → F p is given by a polynomial of degree at most p − 1, explicitly expressed in the form
expresses f as such a polynomial in x.
